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Abstract 



The paper deals with homogenization problem for nonlinear elliptic and 
parabolic equations in a periodically perforated domain, a nonlinear Fourier 
boundary conditions being imposed on the perforation border. Under the 
assumptions that the studied differential equation satisfies monotonicity and 
2-growth conditions and that the coefficient of the boundary operator is cen- 
tered at each level set of unknown function, we show that the problem under 
consideration admits homogenization and derive the effective model. 
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1 Introduction 



This paper addresses the homogenization of the boundary value problem 



— div a{Dus, x/e) + Xu^ = / in fi^ 



< a{Due, x/e) ■ z/ = on dVL 
a{Due,x/e) ■ v = g{us,x/e) on Ss, 



(1.1) 



where Qs is a bounded periodically perforated domain in (A^ > 2), £ > is a 
small parameter referred to the perforation period. The boundary of Qe consists of 
two parts, namely, the fixed outer boundary dQ, and the boundary of perforations S*,.. 
We assume that the domain is not perforated in a small (of order e) neighbourhood 
of dQ so that the perforation boundary and dQ are disjoint. The coefficients 
a = (ai, . . . , Oat) in the equation and the function g in the boundary condition on 
are strongly oscillating (with the period e) functions. The boundary condition on 
includes, as a particular case, the inhomogeneous Neumann boundary condition of 
the form a{Due, x/e)-u = a{x/e) and the Fourier one, a{Due, x/e)-u = f3{us, x/e)Ue- 
Along with the stationary problem (11. ip we also consider the parabolic problem 



The linear elliptic equations in perforated domains with the Fourier boundary 
condition on the boundary of perforations were considered, e.g., in [7], [S], [3], 
|15] . [T6] . |18] . It was shown that if the coefficient in the Fourier boundary condition 
is small (of order e), or the volume fraction of the holes vanishes at a certain rate, 
as e — )■ 0, then the asymptotic behaviour of solutions to these equations is described 
in terms of a homogenized problem with an additional potential. By contrast, if the 
volume fraction of the holes does not vanish as the period of the structure tends to 
zero, then the dissipative Fourier boundary condition forces solutions vanish. 

In the problem studied in the present work the surface measure \Se\ tends to 
infinity as £ — )■ 0. To compensate this measure grows we assume that the average 



< 



dtUs — dw a{Du£,x/e) = / in fie x {t > 0} 
a{Duir,x/e) ■ z/ = on dQ 
a{Dus, x/e) ■ v = g{ue, x/e) on Ss 
Ue = u for t = 0. 



(1.2) 
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of the function g{u,x/e) (appearing in the boundary condition on S^) over the 
boundary of each hole is zero for any u G M. 

Previously, linear problems with the same assumptions on the coefficient in the 
Fourier boundary condition were considered in [S]; related spectral problems were 
studied in [19], [Sn]. The corresponding homogenized operator is shown to contain 
an additional potential, this potential is always negative. 

A variational problem closely related to (11. ip for a functional with a bulk energy 
and a surface term on the perforation boundary was studied in [6j by means of 
F-convergence technique. 

In contrast to [6j we do not assume that the problem under consideration can 
be written in variational form. Instead, we assume the monotonicity of a(^, y) and 
apply here the celebrated two-scale convergence method (see, e.g. [2], [T], [T3]). 
This allows us to treat boundary value problems that can not be reduced to the 
minimization of an energy functional; for instance, such a reduction is not possible 
in the case of linear function a(^, y), a(^, y) = A{y)C,, with nonsymmetric matrix A. 

Since, in general, the monotonicity assumption on a{C,,y) does not imply the 
monotonicity of the problem (II. ip (even for large A) we are not able to show the 
uniqueness result for (II. ip . Moreover, the existence of a solution of (II. ip holds only 
for sufficiently large A (see the discussion in [6]), while the parabolic problem (ll.2p 
does have a unique solution under certain assumptions on a(^, y) and g{u, y). 

The key difficulty in applying the two-scale convergence theory to the homog- 
enization of (II. ip and (ll.2p is due to the presence of a highly perturbed surface 
integral in the weak formulations of the said problems. To pass to the limit in the 
surface integral we establish a new result related to the two-scale convergence of 
traces, see Proposition [71 



The main result of this work shows that solutions Ue of problem (II. ip converge 
as £ — )■ to a solution Uo of the homogenized problem 

diva*(D[/o, Uo) + h*{DU,, U,) + \Y*\{f - XUo) = OmQ 
a*{DUo, Uq)-u = g*{Uo) ■ v on d^. 

The coefficients a*, 6* are defined in terms of a cell problem (see problem (I2.13P ) 



3 



and depend both on the coefficients a = (ai, . . . , otv) in the equation in f ll.ip and 
on the function g in the boundary condition on S^- It is interesting to observe also 
that the homogenization of (11.11) leads to the change of the boundary condition on 
dQ from the homogeneous Neumann condition to a Fourier type one. 

In what concerns the parabolic problem (11.21) , we show that solutions Us of (11.21) 
converge as £ — )■ to a solution Uq of the homogenized problem 



The analysis of (ll.2p involves the same ideas as that of (II. ip combined with a lower 
semi continuity trick already used in the parabolic problems in |9], [10], [11], [T7] . 

An interesting issue in both parabolic and elliptic frameworks is the uniqueness 
of a solution of the limit problem. The limit operator, although admits a priory 
estimates, need not be monotone even for large values of A. The main difficulty is 
due to the fact that the ffist order term b*{Du,u) in the limit equation couples the 
unknown function u and its gradient. 

The uniqueness is proved only for small space dimensions and in the case when either 
a{C,,y) is linear in ^ or g{u,y) is linear in u. Without these additional assumptions 
it remains an open problem. 

The paper is organized as follows. Section |2] is devored to problem setup and 
formulation of the main results. 

Sections |3H5] deal with the elliptic case. In Section E] we prove the two-scale 
convergence result which relies on several technical statements. These technical 
statements are then justified in Sections H] and [51 

Section E] considers the parabolic case. 

Finally, in Section [7] we study the properties of the homogenized problems. 




Y*\dtUo - div a*{DUo,Uo) - b*{DUo,Uo) = \Y*\f in Q x {t > 0} 
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2 Presentation of main results 

Let Y be the unit cube Y = [-1/2, 1/2)^ (A^ > 2), and let G be an open subset 
of Y such that G C (-1/2, 1/2)^, with Lipschitz boundary. SetY* ^Y\G and 

Given a bounded connected open set Q C with Lipschitz boundary dil, we 
consider the perforated domain defined by 

n^^n\ [j{eG + me), 1^ ^ {m e Z^; yj"^) C Q}, 

mels 

where y}^"* = {Y + m)e. We have = U S^, where Se is the boundary of 
perforations. 

We assume that a : x Y ^ and g : R x S ^ R satisfy 

(i) a{i,y) (resp. g{u,y)) is continuous in ^ (resp. it), i.e. a e C(]R-^; L°°(y)), 
^ e C(R; and F-periodic in y; 

(ii) there is k > such that 

(a(e, 2/) - a(c, I/)) ■ (e - c) > «ie - cr ve, c e r^; (2.1) 

(iii) there are constants Ci, . . . , Cg > such that 

-Ci + C2|er<a(e,y)-e, |a(e,y)l<C3|e| + C4, (2.2) 

\g{u,y)\<CM + CQ. (2.3) 

|^(ix,y)-^(i;,y)| <C7|it-i;|, (2.4) 

V) - y)\<C,\u- v\{l + \u\ + |i;|)-^ (2.5) 

(iv) 

/ g{u, y) day = 0, Vii e R. (2.6) 
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Let us rewrite fll.ip in an abstract form. To this end consider the space = 
W^''^{Qs) and its dual X* with respect to the duahty pairing ( ■ , induced by the 
standard inner product in L'^{Qi,). Define the operators As, Qe '■ ^ by 

{Ae{u),v)s= / a{Du,x/e) ■ Dvdx, {Qe{u),v)e= / g{u,x/e)vda, 

yv e x%= w^'^n,)). (2.7) 

In terms of these operators (II. ip reads 

AeiUe) + XUe - GeiUe) = f. 

According to the assumptions (i)-(iii) the operator Ae is monotone and continuous 
while Qs is a compact operator. It follows that J-'e(u) = As{u) + Xu — Qei^u) (A > 0) 
is a bounded continuous and pseudo-monotone operator (recall that J-'^ : — )■ X* 
is pseudo-monotone if u*^*^ — )■ u weakly in and limsupi^^{J-'e{u^'^^) , u^'^'^ — u)^ < 
imply (^^^(m), u — v)^ < liminfj_^oo('^e(^^*^)5 u^^^ — v)e for all v E X^). Then for any 
/ G L^(fi) problem (11. ID has a (possibly not unique) solution Us G X^ when e < Eq, 
A > Ao (where Xo,eo > are specified in Theorem [1] below) by Brezis' theorem (see, 
e.g., ^21], Chapter II), thanks to the following coercivity result 

Theorem 1. Under assumptions (i)-(iv) there are Ao,eo > such that 

{AeU + Xu- Qe{u),u)e > l^l\\u\\\^ - ^2, (2.8) 

when \\u\\x^ > R, for some Ki > 0, /t2 > and R > independent of e < Eq and 
X > Ao. 

Under the above assumptions on the perforated domain fig there is a bounded 
linear extension operator : ^^^'^(fig) — t- W^''^{Q) (P^f = f in fi^ for any 
V G W^''^{n^)) and \\Pev\\w^,2^Q) < C\\v\\w^,2^q^), WPevh^in) < C\\v\\L2(n^) with C 
independent of e (see, e.g. [2j). We keep the notation Ue for the solution of fll.ip 
extended to Qs = PeUe) and study the asymptotic behavior of as e — )■ 0. 

The first main result of this work is 

Theorem 2. Assume that conditions (i)-(iv) are satisfied and f in U.l\) belongs 
to L'^{Q). Let Xq > be as in TheoremUi Then for any X > Xq, solutions of 
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U.l\) and their derivatives Du^ two-scale converge as e — (up to extracting a 
subsequence) to Uq{x) and DUq{x) + DyUi{x,y) , where the pair Uo{x), Ui{x,y) is 
a solution of the two-scale homogenized problem: find Uo{x) G W^''^{Q), Ui{x,y) G 
L\Q;W^f^{Y)) such that 

I [ {a{DUo + DyUuy)-{D% + Dy<^i)dydx 
Jn Jy* 

(giUo, y)^iix, y) + g'^iUo, y)^oUiix, y))daydx 




n J SnY 




'y 

inJsriY Jn 



DMUo,y)%)-ydaydx- / \Y*\{f-XUo)%dx = 0, (2.9) 



for any $o(a;) G W^''^{Q), $i(x, y) G L'^{Q;Wp^l{Y)) . In particular, Ue converge 
weakly in W^'^{Q) to a solution Uq of the homogenized problem U.!^) . where a*{C,, u), 
b*{^,u), g*{u) are defined by 

a*(e, u) = j^^ a(e + Dyw, y)dy, (2.10) 
6*(e,n)= / g'Su,y)wday, (2.11) 



9*{u)=j g{u,y)yday, (2.12) 



and w = w{y;^,u) is a unique (up to an additive constant) solution of the cell 
problem 

f 

div + DyW, y) = in Y* 

a{^ + DyW,y)-u = g{u,y) onSnY (2.13) 
w is Y -periodic. 

Remark 3. Note that (12.91) defines Ui{x, y) modulo an arbitrary function Ui{x, y) G 
L^(fi, Wp^^.{Y) sucli tliat Ui{x,y) = for ?/ G Y*. This is due to the freedom in the 
particular choice of the extension operators P^. 

Remark 4. The third term in (12.91) is reduced by integrating by parts to the bound- 
ary integral 

/ / D^{g{Uo,y)%) ■ ydaydx = / %g*{Uo) ■ z/da^, 
Jn JsnY Jan 

that leads to the boundary condition in (II. 3p . 
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Remark 5. In the linear case, that is when a and g are given by a{C,,y) = A{y)C,, 
g{u, y) = a{y) + uf3{y), the cell problem f l2.13p for w splits into three cell problems 
for w^^\ 

'div {A{y){^ + DyW^^^)) = in F* 

< A{y)Dyw'^^^ ■ V = -A{y)^ -uonSnY (2.14) 
w^-^'^ is F-periodic, 

and w^''^ {k = 2,3), 

'div {A{y)DyW^''^) = in F* 

< A(|/)D,«;« • u = 62k/3{y) + 63ka{y) on S CiY (2.15) 
w^"^^ is F-periodic, 

{5ij is the Kronecker delta) so that w = w^^^ + uw^'^^ + w^^\ Then the homogenized 
equation takes form 

diYA^'°"'DUo + B^°"' ■ DUo + C^°"'Uo + D^'°''' + |F*|(/ - XUq) = 0, 

where the homogenized matrix ^4*^°™ coincides with the classical effective matrix for 
the Neumann problem in perforated domains, 

A'^^^^ = I^^A{y){^ + Dyw'^'^)dy, 

and 

5^°- ■ e = A{y)Dyw'^'^ ■ (e + Dyw'^''>)dy, 

C^""^ = j A{y)DyW^^^ ■ DyW^^^dy, = j A{y)DyW^^^ ■ DyW^'^My. 

Note, that B^°"^ = in the selfadjoint case (when A = A^). 

In the case of the parabolic problem fll.2p we prove that there is a unique solution 
Us and its asymptotic behavior in the leading term is described by the homogenized 
problem fll.4p . Formulating the convergence result we assume as before Us extended 
onto the whole domain Q by means of the extension operator 

Theorem 6. Assume that conditions (i) - (iv) are satisfied. Then, if f G L^((0,T)x 
Q) and u e L^(fi), there is a unique solution of problem U.2\) and it converges weakly 
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in L'^{0,T;W^'^{Q)) as e — )■ (up to extracting a subsequence) to a solution Uq of 
the homogenized problem ^1-4^ , where a* , h* , g* are defined by l{2.1(]\) . h2.11\) . h2.12\) . 

3 Proof of the convergence result for the station- 
ary problem 

It follows from Theorem [T] that ||Me|| vKi.2(n) < C, where C is independent of e. 
Therefore, up to extracting a subsequence, 

Ue — )■ Uo{x) two-scale, (3.1) 

Due DUq{x) + DyUi{x, y) two-scale. (3.2) 

Show that the pair (t/o, Ui) solves fl2.9p . To this end we chose arbitrary functions 
Vo{x) e C°°(n), Vi{x,y) e C°°(Tl x Y) with Vi{x,y) being F-periodic in y, set 
Ve = Vo{x) + eVi{x,x/e), and substitute the test function Ws = Us — in the weak 
formulation of (11. ip . 

/ {a{Due.,x/ e) ■ Dwe + \ueWe)(^x — / g{ue, X / e)we(\.(y = / fwgdx. (3.3) 

In view of the monotonicity assumption (12. ip we then have from (13. 3p , 

/ {a{Dvs,x/e) ■ D{us - v^) + Xve{us - Vs))dx - g{u^,x/e){u^ - Ve)da 

Jn^ JSe 

f{u,-ve)dx <0. (3.4) 



Since Dvs = DVo{x) + DyVi{x , x/e) + eDxVi{x, x/e), by using (i) and (12. 2 p one easily 
shows that Xe(i{Dve,x/e) — x(2/)'^(-DVo(x) -|- DyVi{x,y),y) in the strong two-scale 
sense, where Xe? X ^^e the characteristic functions of and Y*, respectively. This 
allows to pass to the limit in the first term of l.h.s. of (13.40 to get 

/ {a{Dvs,x/e) ■ D{ue - v^) + Xvs{us - Vs))dx 

{a{DVo + DyV,, y) ■ {DU, + DyU^ - DVo - DyV^) + XVoiU^ - K,))dy^ dx; 

(3.5) 
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also, the limit transition in the last term in l.h.s. of ( I3.4p yields 

/ fius - Ve)dx ^ [ ( [ fiUo- Vo)dy] dx. (3.6) 
Jn^ Jn KJy* J 

Finally, passing to the limit in the middle term we get 

/ g{u.,,xle){u.,-v^)da 

g{Uo,y){D{Uo -Vo)-y + Ui{x,y) - V,{x,y))day] dx 

J 

[ ( [ gl{Uo,y){Uo-Vo){DUo■y + U^{x,y))da^dx. (3.7) 
Jn \JsnY / 



n \JsnY 
+ 



The most nontrivial point is to obtain (13. 7p . The proof of (13.71) is presented in full 
details through Sections IH O and is based on the following result, which is of an 
interest itself. 

Proposition 7. Assume that q{x,y) G C{Q; L'^i^S)) satisfies 

(a) \q{x, y) — q{x', y)\ < C\x — x'\ with C > independent of x,x' & Q and y G S; 

(b) q{x, y) is Y -periodic in y & S ; 

(c) Jy^g q{x, y)day = for all x G fi, 

then for any sequence G W^''^{Q) such that 

We{x) -)■ Wq{x), Dwe{x) DWq{x) + DyWi{x, y) two scale as £ -)■ 0. (3.8) 
we have 

/ q{x,x/e){we - We)da ^ / / q{x,y){DWQ ■ y + Wi{x,y))daydx. (3.9) 
J Se Jn Jyhs 

Here and in what follows we use the notation for the piecewise constant function 
obtained by averaging over the cells Ys"^\ 



4 [ , w,iy)dy, forxeY}^\ (3.10) 
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Thus dSaD-dXZD yield 

^ {a{DV, + DyV^, y) ■ {DUo + DyUi - DVo - DyV^) + \V^{Uo - ^))d2/^ dx 
g{Uo, y){D{Uo -Vo)-y + U,{x, y) - y))da^ dx 



n \JsnY 

g'^{Uo,y)iUo - Vo){DUo ■ y + U,ix,y))day ] dx 



n \JsnY 



j^(^j^J{Uo-Vo)dy'^dx<0, (3.11) 



By an approximation argument, using (i)-(iv) we see that f l3.1ip holds for any Vq G 
W^'^n) and Vi e L^n; W^pJ(F)). Now, choosing Vq = Uq ± r$o, Vi = Ui ± r<l>i, 
(r > 0), dividing (13. lip by r and passing to the limit as r — )■ 0, we obtain the 
two-scale homogenization problem (12. 9p . □ 

Let us clarify details in the final part of the above proof when passing from 
smooth Vq and Vi to arbitrary functions Vq G W^''^{Q) and Vi G L^(fi; WpJ(F)) in 
()3.1ip . For the for the first term in the l.h.s. this transition is justified by Nemytskii's 
theorem (see, e.g., [21], Chapter II); and it is a trivial task for the last term. The 
second and third terms, corresponding to the limiting functional M{Uo,Ui,Vo,Vi) 
in (13. 7p . require more attention. Let us rewrite M{Uo,Ui,Vo,Vi) as 

M{Uo, f/i, Vo, V^) = [ ig*iUo) ■ D{U, - V,) + {U^ - V,){g*)'{U,) ■ DU^)dx 



+ 



/ / DyQ{y-UQ)-Dy{Ui{x,y)-Vi{x,y))dydx 
Jn JY* 

+ 11 {Uo-Vo)DyQ'^{y-Uo)-DyUi{x,y)dydx, (3.12) 
Jn JY* 

where {g*)' denotes the derivative of g* , and 6(y; u) is a solution of the problem 

Aj^e = in y* 

= g{u,y) on S f^Y (3.13) 
B is F-periodic. 

It follows from the assumptions (iii), (iv) that (I3.13P has a unique (modulo an 
additive constant) solution Q{y;u), and 6 depends regularly on the parameter u, 
more precisely, 

\\DyQ{-;u)\\L2^Y*)<Ci\u\ + l), (3.14) 
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\\DyQ{--u)-DyQ{--v)\\mY'')<C\u-v\, (3.15) 

WDyQ'S ■ ; «) - DyQ'^{ ■ ■ v)\\L2^y.) < C\u - v\{l + \u\ + \v\)-\ (3.16) 

where C does not depend on u, v. All these properties are demonstrated simi- 
larly, e.g., we show f l3.14p by using (12. 3p . (12. 6p and the Poincare inequality (17. 6p in 
W^^,iY*) (see Sec. E]), 

/ DyQ-DyQdy = [ g(u,y)(e--^ [ edy)dy <Ci\u\ + l)\\Dye\\L^y^). 
JY* J SnY ^ I-* I Jy" ^ 

The bounds (I3.14p - (I3.16P in conjunction with assumptions (12. 3p - (12. 5 p imply 

Proposition 8. The functional M{Uo, Ui, Vq, Vi) defined by liS.l^) (or, equivalently, 
by the r.h.s. of [3:^) is continuous m W^^'^i^l) x L^{Sl\Wlg{J*)) x W^^'^i^l) x 



4 Auxiliary results and proof of Theorem [T] 

Xi^Some inequalities) . Recall the classical inequalities in Sobolev spaces, 

/ 1"^ ~ / vdx\'^d(j<C / |Df|^dx, V f G W^"^'^(y) (the Poincare inequality) , 
JsnY JY JY 

(4.1) 



v\^da < C / {\v\^ + \DvY)dx, \/ v e W^'\Y) (the trace inequality). (4.2) 
SnY JY 

By an easy scaling argument (14. ip . (14. 2 p lead to the inequalities 

1^;^ - Vs\Ma <Ce I \Dve\^dx, (4.3) 



[ <Ce-^( [ \ve\Mx + e^ [ \Dve\'^dx), (4.4) 

Jsi: \Jn Jn J 

for any G iy^'^(r2), where stands for piecewise constant function obtained 

by averaging over each cell Ys"^^ (cf. (I3.10p ). and C depends only on S. We also 

will make use of the following inequality, which is a simple consequence of Jensen's 

inequality, for any r > 1, 

^ \ve\"da < Ce-^ [ Iv.l'dx, (4.5) 
5e Jn 
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where C > is independent of r and v^- 



2{An asymptotic representation for surface integral in (13.41) . To pass to the hmit as 
e — )■ in the surface integral in ( 13. 4p we use 

Lemma 9. LetUg^Wg G W^''^{il), then 

g{ug,x/e)wedx = / g{us, x/e){we - We)da 



+ guiUe,x/e)w^{Ue - Ue)da + Qe, (4.6) 



and 

\ge\ < + (5||ti;,|U2(n))'/(^+'))(|k.f^M(f,) + \\ue\\U.^n))- (4.7) 



Proof. We have, 

g{us,x/e)we = g{ue,x/e){we - We) + ig{us,x/e) - {g{u„x/e)){ws - We) 

+ {g{ue, xje) - g{ue, x/e))we + giue, x/e)we 



therefore (in view of (12.61) ) 



g{u^,x/e)wedo = I g{ue, x/e){we - We)da 



+ / {.g{us,x/e) - {g{ue,x/e)){we-We)da 

+ / {g{ue,xle) - g{ue,x/e))weda = h + I2 + h- 

JSe 

The term I2 gives vanishing contribution when e — > 0. Really, by ( 12.40 and (14. 3p . 

\h\<C \us-Ue\\ws-Ws\da <Ce\\Due\\L^n)\\Dwe\\L^n)- (4. J 

JSe 

The term can be written as 

h= dt {g'^{ue + t{ue-Ue),x/e) - g'^{ue,x/e))we{ue-Ue)da 

Jo JSe 

+ gl{ue,x/e)we{ue-Ue)da = 13+ g'^{ue,x/e)ws{ue-Us)da 
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By using fl2.5p we get 

l-^sl < C sup / , "'"^ , — ^TT'^'^' 





t\Ue 


- Ue 


2 


We 




1 + 


Us 


+ 


Us + t{Ue 





which yields after applying the Holder inequality, 

121 - I / r \ 1/9 

M 7/1- / / \ 



|/3l<CBUp / ',l'':-"-l'l^'l d.<c(/ l^.l'd.) 

0<t<l J s, ^ + t\Ue - Ue\ \J J 



0<t<l \Js, 



2 \Ue - Ue 



\2q'-2 \ 1/9' 



X sup / \Ue — Ue\ 7- j . , dcT 



{l + t\Ue-Ue\Y 



where q' = q/{q-l) and q = 2{N+2)/N. Note that the embedding W^''^{n) C /."(fi) 
is compact, moreover one has (see, e.g., [12]) 

3C > such that \\u\\mn) < C\\u\\%%^^^\\u\\%f^f Vn G W''\Q). (4.9) 

Since 1 < g' < 2, we have 



(1 + t\Ue - Us\Y - (1 + t\Ue - Uel^l'-^ (1 + t\Ue - M,|)2-'?' 

for any < t < 1. Therefore, by using (14. 3p . (14. 5 p and (14. 9 p we get 

|/3| < C.-l/^-l/^'+^/^VellMCf.) \\DUe\\%%^ 

2/iN+2)u f/g II ||4/(A^9)||r,., ||2/g' 

< C(e|ke||L2(f.))^/(^+^nik.|l^i.(o) + ||I^«e||i2(o)), (4.10) 

where we have used also the Young inequality. Bounds (I4.10p and (I4.10p yield (14. 7p 
(since \ge\ < Ihl + \h\)- Lemma is proved. □ 

The proof of the next technical result is similar to Lemma [9] (and left to the 
reader) . 

Lemma 10. Ifue, G W^''^{n), G L^{n)nW^'^{n), then setting = u^-u^e^^ 
we have 

{g{ue, x/e) - fi'(4^\ x/e)){ue - - Ue + Ve)da 



£ 



{9'u{ue,x/e)ue - g'^{ui^\ X / e)uP){ue - Ue)da 
{9u{ue,x/e) - g'^{u^^\x/e)))ve{ue - Ue)da 



< C\\We\\L'^n)\\DUe\\L'^{n), 

< C\\we\\L^n)\\v\\L^{n)\\Dus\\L^n)- 
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3{Proof of Theorem^ . Assume by contradiction that there are sequences ~^ 0, 
Xk — +00 and Uk G W^''^{Qek) such that HMfclUe 00, 



2 

-k 



and — )■ 0. In view of the definition of As and this imphes that 

2\J^ / / ^ J„ , f l|2 



(a(Dt;fc,x/£) ■ L)?;fc + Afe|t;fc| )dx < / 5f(t;fe, a;/e)t;fcda + 4||^^fc||vi/i.2(n)da; 



where Vk = Psk'^k is the extension of Uk onto Vt. By using (12.21) and the properties 
of the extension operator we then get, setting Wk = Vk/\\vk\\w^''^{n)i 

7 / \Dwk\^<^x + \k I l^fcl^dx < - — / g{vk,x/e)wk<^(T + (4.11) 

with some 7 > 0, where Sk = Sk + C/\\vk\\iYi,2(^Q^ — ^ 0. Now write 
g{vk,x/ek)wkd(T = / {g{vk,x/ek) - g{vk,x/6k))wkda 

+ g{vk,x/ek){w - Wk)da = h + I2, (4.12) 
where we have used (12.61) . We have, by (12.41) and (14. 3p . 

1/2 



\h\ < C J \vk - Vk\\wk\da < Cek^^'^i^J \Dvk\'^dx^ i^j \wk\^dx ^ 

< C\\Dvk\\L2{n){\\wk\\L2{n) + ek\\Dwk\\L2{n)) (4.13) 

Similarly, by and (l43|) . 

I/2I <C \wk~ Wk\{\vk\ + l)d(7 < C\\Dwk\\L2(n){\\vk\\L2(n) + 1)- (4.14) 

Thus 

l\\Dwk\\l2^^) + Afe||wfc||i2(j^^^) < C(||«;fc||L2(f^) + Ek) + 4, (4.15) 

where we have used the fact that ||wfc|| vKi'2(n) = 1- Therefore ||'U^fc|li2(j^^ j — ?• 0. 

Due to the compactness of the embedding W^''^{yi) C L'^i^t), up to a subsequence, 
Wk ^ w strongly in L^(f2). On the other hand, according to the structure of 
perforated domains ilg, 

/ Wkvdx -^\Y*\ I wvdx for any v G L^{Vt). 
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By taking v = w we get w = (since ||wA:||L2(nj:^) 0) so that ||u;fc||L2(n) . 
Then fl4.15p yields 'y\\Dwk\\L^{n) and consequently ||tffc||w/i,2(n) — )■ 0, that is a 
contradiction. □ 

As a byproduct of the above proof we have by (14.121) . (14.131) . (I4.14p . for any 

\{Qe{u),v)e\ < C{\\u\\w^,2(^Q)\\v\\L^n)M\'"\\w^'^n){\\^L^n) + '^)+B\\^^^ 

(4.16) 

where C is independent of e. In particular, 

\\Ge{u)\\x^ < Ci\\u\U + 1),Vm G X,. (4.17) 
Then we have, possibly modifying K2 in (12.81) . 

(12:81) holds true for all e X„ (4.18) 

when e < Eq, X > Aq. 

5 Limit transition in the surface term and proof 
of Proposition [7] 

l{Proof of Proposition^. Let Q! be a subdomain of VL such that VL' C fi, and let us 
define the linear functional on W^''^{VL) by 



beWe= I q{x,x/e){we - We)da. (5.1) 
Js' 



where 5*^ = U^^yJ-) nove ^ ^^^^^^3"' '^e '^'e. 

Step l(weak convergence of b^). Let us show that 

\\be\\ < C with C independent of e, (5.2) 
bgW ^ / / g(a;, y)i5t(7(a;) ■?/ dcTyda; weakly, as £—)■ 0. (5.3) 
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in)- 



We have by flQ]) . 

\beWe\ - ^ J \We - We\da < Cs'^^'^i^J \We - Wel'^da^ < C\\We\\wi,2 

Now chose an arbitrary w from the dense (in W^''^{Q)) set We have 

b,w = J2 I q{x,x/e){Dw{x^^^) ■ {x - x^™)) + 0{e^)) da 

= y / q{x^^\x/e)Dw{x^^^) ■ {x - x^^^) da + 0(e) 

g(a;, y)Dw{x) ■ y daj^da; + o(l). 




'n' JYns 



where xi^^ is the center of the cell Ys^'^\ Thus (15.21) and (I6.23P are proved. 

Step 2(Proof of (13. 9p for Ws with supp(we) C Q'). Assume now that 

We = in \ r2' (in particular = on dQ'). (5-4) 

Given 5 > 0, let {Q^"^} be an open cover of fi, diamQ^"'' < 6, and let {v^^"'' € 
C°°(M''^)} be a partition of unity such that 

supp^i") c gf), o<^i")<i, $^^i") = i. 

a 

Then we have 
beWe = 9(4"^ - wjv^f ^da 

where x^"^ G Q^"^ Thanks to the Lipschitz continuity of q{x,y) in x, 

\h\<CSy2 f \w~w,\^f^Aa = C5 I \w -w,\da KCdWDw.WL-^in)- (5.6) 

We write the first term Ji as 

(5.7) 

17 



^(m) 



Note that 

q{xf\x/e)^f^da = / q{xf\y)D^f\x^:^^) ■ yda, + 0{e)) 

(as above xf^^ denotes the center of the cell Ye"^^). Since — )■ ^^0(2;) strongly in 
we obtain 



Wo{x) q{x'f\y)D^f'\x) ■ ydayjdx 

I QnV ^ 

(y^f )(x) / qixl''\y)DWoix) ■ yday)dx, 



'snY 

where we have used the fact that Wo = in Q\Q'. Thus, 

E^f"^^ / (E / vP{x)q{x^s''\y)DWo{x)-ydx)da, 
JsnY^ ^ Jn' ' 



ct 

therefore 



lim lim jj"^ = / / q[x^y)DWo[x) ■ ydoydx. (5.8) 
5^0 e^o ^ J^, Jg^Y 

In order to pass to the limit in jj"^ as e — )■ 0, consider the solution 6 of the problem 

' Ae{y) = 0, in Y*; 
% = q{xf\y)onS^Y- (5.9) 
6* is y* — periodic. 

Thanks to the property (c) of g(x, y) there is a unique (up to an additive constant) 
solution e of (EH]) and 6 G W^^'^iY*). Set Ce{x) = e{x/e), then we have = in 
and = q{x'f\x/e) on S*^, so that 

/" q{.xf\x/e)weipf^da = e I We^f^'^da 

= e I D{we^f^) ■ DQdx = I D{w,^P) ■ {De){x/e)dx. 
jQenn' JQenQ' 

(we have taken into account here that = on dQ'). One easily checks that 

D{weiPs°'^){x) D{Woi^'f ^){x) + ip'f^DyWi{x,y) two-scale, therefore 

/T^ ^ l^{lmWo^f^) + vf^DyW,{x,y)) ■ {De){y)dy) dx 



(a) 



^Jsnv ' 
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where we have used (15.91) . Thus, taking into account the Lipschitz continuity of 
q{x,y) in x, we get, passing to the hmit as 5 — > 0, 

= / / Wi{x,y)q{x,y)daydx, (5.10) 

and we finally obtain by (ES]) - (EH]), ( 15101) . 

/ g(x,x/e)(we - wJdCT ^ / / g(x, ?/)(L'iyo ■ 2/ + l/))dcTydx. (5.11) 

Jn' JYns 

Step 3(general case). Let {ws) be now an arbitrary sequence such that — )■ Wq 



weakly in W ' {^l), and Dwe DlVo(a;) + -DyW^i(x, ?/) two-scale. Write 



[we — [Wq + w^^'^)) + wi^'' + Wq, where wl^'' is the unique solution of the problem 

Ait;i^^ = in fi' 
w^e^ =We — WQ on 

extended in i7 \ fi' by setting w^^^ = We — Wq. Since We — Wq weakly in 
H^/^{dn'), we have 

w^^^ — )• strongly in W'^''^{K) for any compact C Q', (5.12) 

by standard elliptic estimates. This implies, in particular, that wi^'^ 0, Dw^^ — )■ 
two-scale. Moreover in view of (14.31) . for any compact subset K of VL\ 



<c[j \Dwi''>fdxY\c\n's\K\'/'(^jjDwi''>fdxy\ (5.13) 

when e < 6/N , where C is independent of e and 6, Ks, fl'^ are the (5-neighborhoods 
of K and fi', respectively, and 5 > is arbitrary. (The summation in (I5.13P is taken 
over m such that fJ""^ n ^ 0.) It follows from fl532D . fl533D that fo^^i;!^^ ^ as 
e — )■ 0, while, according to the first and second steps. 



beWQ-^ / / q{x,y)DWQ-ydaydx, 
Jn' JYns 



iQ' JYns 
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and 



beiwe - {Wo + w^^^)) ^ / q{x,y)Wi{x,y)daydx. 

Jn' JYns 

Thus (IS.lljl is proved for any sequence (ws) such that (13. 8p holds. 



Final step. Set Q' = {x e dist(a;, > 6}, where 6 > 0. By using (l43l) we 
have. 



\we — w^lda < C 



5^ 
7^ 



\ 1/2 



\Wf — w, 



(5.14) 



for sufficiently small e, where C is independent of 5 and e. Therefore (15.141) combined 
with (15.111) yield (13. 9p for any sequence {ws) such that (13. 8p holds. □ 

2{Proof of (fSTTD)- We approximate Uq by functions uf^ G C\U) {6 > 0) in the 
strong topology of L'^{^), ||f^ — u^I^\\l2(^q) < 6. By virtue of Lemma [H the strong- 
convergence of to Uq and Lemma [TU] we then have 



lim sup 

e-i>0 



5f(M£,x/£)(Me -t;£)d(T - / g{uy,x/e){us-Vs-Us + Ve)da 



<CS. (5.15) 



On the other hand, the regularity of g{u,y) in u (conditions (12. 3p . (12. 4p . (12. 5p ) 
implies the pointwise bounds 

\g{u'P,x/e) - g{u-s\x/e)\ < Ce on Se, 

Wu{4\^/e)i4^ - vs) - 9'M\x/s){u'i^ - Vo)\ < Ce on 5, 

(recall that Vs = Vo(x) + eVi{x,x/e), and Vq, Vi are smooth functions), which, by 
using (14.31) . lead to 



lim sup 

£->-0 



{g{u^p,x/e) - g{u\'\x/e)){Ue - Ve - Ue + Ve)d(J 



,(1) 



+ / (^?;(4'\^/^)(4^^-^.)-^?;(«r,^/^)(«r^-K,))(t..-t..)da 



,(1) 



0. (5.16) 



Now, applying Proposition[7]first with q{x, y) = g{uf\x), y),Ws = Us—Ve, then with 
(l{x,y) = g{uf\x),y)uf\x), w, = u,, and finally with q{x,y) = g{u''g\x),y)Vo{x), 
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Ws = Us, we get 

{g{u'-l\x/e){ue -Ve-Ue + Ve) + gl{u^l\ X / s) {uf '' - Vo){Ue - Ue))da 
^ f f g{u\'\y){D{Uo-Vo)-y + Ui{x,y)-V,{x,y))daydx 

9'ui4\y)i4^ - Vo){DUo ■ y + U,{x,y))daydx. (5.17) 
Assuming 5 ^ in (l5J[5|) . (ISlTel) . flSTTj) yields □ 



in JsnY 

'fi JsnY 



6 Homogenization of the parabolic problem (11.21) 



In terms of the operators As and Qg problem (11. 2p is as follows 

dMt) + AeMt))-geMt)) = fit), t>o 

(6.1) 

^^(0) = u. 

We study the asymptotic behavior of solutions of (16. ip as e — )■ adapting the 
notion of two-scale convergence to functions depending on the time variable t which 
is treated as a parameter. Namely, following [6J we say that 

the sequence Vs = Ve{x,t) which is bounded in L'^iVt x [0,T]) 
two-scale converges to Vo(x, ?/,t) if 

T r rT r r (6.2) 



Ve(f){x,x/e,t)dxdt ^ / / / yo4>{x,y,t) dxdydt, 
Jn Jo Jy Jn 

for any Y — periodic in y function 0(x, y, t) G C^iVt x F x [0, T]). 

The basic properties of the convergence (16.20 are similar to that of the standard two- 
scale convergence. Namely, any bounded in L^(f2x [0, T]) sequence has a subsequence 
converging in the sense of (16.21) : if ||f£||L2(o,r;VKi.2(n)) < C then, up to extracting a sub- 
sequence, Ve and Dve converge in the sense of (16. 2p to Vq and DVq{x, t)+DyVi{x, y, t) 
correspondingly, where Vq G L'^{0,T;W^'\n)), Vi G L\[0,T] x n;W^i{Y)). Note, 
however, that (16. 2p does not imply, in general, that fe(- ,t) converges in two-scale 
sense for a.e. t G [0,T], but rather 

Vedt — )■ / Vodt two scale for all < a < /3 < T. 
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1 {Well-posedness of problem fl6.ll) ). Given T > 0, let us show that problem (16.1 p 
has a unique solution on the time interval [0,T]. To this end we first note that the 
operator Ae{u) — Gei^u) + Xu becomes monotone if one chooses a suitable A > 
(depending on e). Indeed, by using (12.41) we get 

<«:/2||D(«-t;)||i.(^^) + r,||«-t;||i.(^^), \/u,v e W''\n,). (6.3) 

where k is the constant appearing in (12. ip . and is independent of and (the 
last inequality in (16. 3p is due the compactness of the trace operator : W^'^i^Q;.) — )■ 
L'^{Se), TeW = trace of w on Se )■ Then, setting A = + 1, by (12. ip and (16.30 one 
easily verifies that 

the operator u Ae{u) — Qe{u) + Xu is monotone (6.4) 

By changing the unknown = e'^^u^ problem (16.11) is reduced to the evolution 
problem for the equation dtVe{t) + Ae{v£{t),t) — Qe{ve{t),t) + Xve = e~^*f{t), t > 
with the initial condition fe(0) = u, where Ae : v ^ e~'^*^e(e'^*f ) and Qe : v 
e~^^Qs{e^'^v). By the standard theory of parabolic problems for monotone operators 
(see, e.g. ^T\) it follows from (16. 4p . (12. ip and (16. 3 p that the latter problem has a 
unique solution on [0,T] as far as / G L'^{[0,T]; X*) and u G L'^{Q). 

2 ( Uniform a-priori bounds). Let us show that for any T > the solution Ue of (16.11) 
satisfies the following bounds for sufficiently small e, 

<C((«,n), + ||/||i.(o,^^^.) + l), (6.5) 

with a constant C independent of e. Let Eq, Aq be as in Theorem [H From (16. ip we 
have, for e < Eq 

{u,{t),U,{t)), + 2 [ {Ae{u,{T))+g,{u,{T)) + XoU,{T),U,{T)),dT 

= {u,u), + 2[ (/(r) + Aon,(r),n,(r)),dr. (6.6) 
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Then fl6.6p combined with ( I4.18P yields 



{Ue{T'),UeiT')), + 2Ki\\Ue\\l2^0^T';X,) < {u,u)e+ || / 1| L2(0,r';X|) H^e || L2(0,T';X,) 



+ 2T'k2 + 2Ao / {ueit),u,it)),dt, V < r < T. (6.7) 
Jo 



(w,(T'),n,(T')). < e2^«^'((n,n), + -||/||i.(o_^.^.) + 2T'«:2), (6i 



Therefore 

1 

Hi 

combined with (16. 7p this imphes the second bound in f l6.5p : while \\dtUe\\L'^(o^T;X*) < 
\\-^e{ue)\\L^o,T;X*) + \\Ge{ue)\\L^o,T;X^) + \\f\\L^o,T;X^) and thus the first bound in (ES]) 
is a consequence of the second one and (14 .170 . 

3 {Homogenization of problem (16. ip ). Let be continued in x variable onto Q 
by using the extension operator P^, then the resulting function, still denoted Ue, 
satisfies 

||«eWllL2(Q) < C for all t e [0,T], and \\u^\\L2io,T;W^--2{Q)) < C, (6.9) 

with a constant C independent of e. This implies that, up to extracting a subse- 
quence, 

Ue — Uo{x,t) two-scale (in the sense of (16. 2p ) and weakly in L^(0,T; W^''^{^1)), 

(6.10) 

DxUs — )■ DxUo{x,t) + DyUi{x,y,t) two-scale (in the sense of (16. 2p ). (6.11) 

where Uq G L^{0,T;W^'\n)), Ui G ^^(0, T; ^^(fi; W;i.2(y))). Besides, if we set 
= Ue when x G and = when x G \ i^^, then (16.100 yields that 
Ue |r*|f/o(a;,t) weakly in L2(0,T; ^^(fi)). 

Let X = ly^'^(n) an let X* be its dual with respect to the duality pairing 

(u, v) = \Y*\ I uvdx. 



Jn 

Show that Uo G W^'^{0,T; X*), and M^(t) ^ |V'1f/o(i) weakly in L\n) for all 
< t < T. From fl630D we have, for any G X and G Co°°([0, T]), 

0),<^(t)dt = - / (u„ (l))eV'mt ^ - ^ (f/o, 0)<^'(t)dt. (6.12) 
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^0 



On the other hand, by using fl6.5l) . we get 



T 



2 

2 



<C ||0||ilv^(t)|^dt<C||vP0||i.(o,T;X)- (6.13) 



Then (16121) . fl67[3|) show that f/o G iyi'2(0, T; X*). According to (EH), the norms 
||we(t)||L2(j^-) are uniformly in < e < eo and t G [0, T] bounded. Thus, to prove that 
Ueit) — !■ |F*|f/o(t) weakly in L^(fi) for every t G [0, T] it suffices to show that 

{ueit), <P)e ^ (f/o(t), <P) for any G X (6.14) 

By the first bound in ([63]) we have \{ue{t) - Ue{t'),(p),\ < C\t - t'\^''^\\(p\\x, on the 
other hand (16.141) holds in the sense of weak star convergence in L°°(0,T) since 
Ue ^ |F*|f/o(x,t) weakly in L2(0,T; L'^{VL)). Thus flCTll holds for any t G [0,T], so 
that Vt G [0,T] ^^(t) ^ |>^1t/o(i) weakly in L'^{Vl), in particular, 

liminf^,(T),n,(T)), = liminf / {{u,{T) - Uo{T)f - Ul{T)) dx 

+ 21im /" M,(T)t/o(T)dx = liminf /" (m,(T) - [/o(T))2 dx + (f/o(T), f/o(T)) 

> (f/o(T),f/o(T)), (6.15) 

and, clearly, 

{ue{T),Ve)e {Uq{T),Vq), for any sequence f e — )■ Vq strongly in L^(f2). (6.16) 

Lemma 11. If {u^) is such a (sub)sequence of solutions of Ii6.1\) that li6.1(J\) holds, 
then 

\\ue - Uo\\L2{nx[o,T]) as e 0. (6.17) 

Proof. By fl6.10p it suffices to establish the (relative) compactness of (u^) in L'^{Q x 
[0, T]). This is achieved by constructing a sequence of compacts Kk {k = 1, 2, ... ) 
in L'^iyt X [0,T]) such that limfc^oo limsup^_^o distL2(Qx[o,T])(M£, -f^fc) = 0. 

Let = ujf^ < Co'l^'' < ■ ■ ■ < oJe^'' < ... be the spectrum of the Neumann 
eigenvalue problem 

— A0 = w0 in fig 
§^ = on dn^. 
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The eigenfunctions (jyi^ can be chosen to form an orthogonal basis of L'^{Vti,), then 

oo 

Ue{t) = J2ff''it)Pe4'\ where ff\t) = Mt),0),. 

j=0 

Moreover (jy'P /{uje^^ + 1)^/^ form an orthonormal basis in Xir{= W^''^{Vtir)^ hence 

oo „T 

+ / |/i^'nt)Pdt=|k.||i.(o,T;x.)<lk.llW;X)<^- (6-18) 

It is well known that wi^^ — )■ uj^^'> as e — )■ 0, where = uj^^^ < u^^^ < ■ ■ ■ < oj^^^ < 
. . . is the discrete spectrum of a homogenized problem. By the first bound in (16.51) 
we have \f^'\t) - {t')\ < C\t-t'\^/^\\4'^\\x, = C\t-t'\^/^{l + JJ^y/^ for all t,t' G 
[0,T]. It follows that, for every k fixed, the sequence (ue^^ := Yl^j=o f£^\^)Pe(l>e'^) is 
in a bounded closed subset of C^/^([0, T]; X). Clearly Kk is a compact set in 
L^(f2 X [0,T]). On the other hand, due to the properties of the extension operator 



I (''^)||2 



^ OO ^ 



therefore, in view of fl6.18p . limsup£_^g dist2,2(f2x[o,T])('We, -ft'fc) < limsup£_j.Q ||-U£ — 
uf^WL^n^m) ^ C/uj^^+'^ ^ as A; ^ oo. □ 

Now, setVo{x,t) e C~(nx[0,r]), Vi{x,y,t) E C^illxY x[0,T]) with Vi{x,y,t) 
being "K-periodic in y, set = Vo{x,t) + eVi{x,x/e,t), and using the test function 
We = Ue — Ve in (16.1 p wc obtain 

^(m,(T),m,(T)), - ^{u,u)e - {ue{T),VeiT))e + {u,vM)e 

+ [ {Ue{t),dMt)),dt+ [ {AeMt)),W,{t)),dt- [ {g,Mt)),W,{t)),dt 

Jo Jo Jo 

T 

{f{t),We{t))edt. (6.19) 

By using (16.100 and (16.150 . (16.160 . we can take liminfe_j.o for various terms in (16.190 
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to get 

Urn inf (I- {Ue{T),Ue{T))^ - l:{u,u)e - {Ue{T),Ve{T))^ + {u,Ve{0))e 
+ / i{Ueit),dMt)),- {f{t),Weit)),)dt 

Jo 

> i(t/o(T),t/o(T)) - ^{u,u) - {UoiT),VoiT)) + {u^VoiO)) 

T 

i{Uoit),dtVoit)) - (/(t),f/o(t) - Vomdt. (6.20) 







By fl6.1ip we also have 



£->0 



T 



lim / {Ae{Ve{t)),W,{t)),dt 







= [ [ [ a{D,Vo + DyVi,y)-{D,Uo + DyUi-D^Vo-DyVi)dydxdt. (6.21) 
Jo Jn Jy* 

Let us show that 

/ {ge{Ue).Ue-Ve)e^t^ [ M {Uo, Ui,Vo,Vi)dt eiS 6 ^ 0, (6.22) 

Jo Jo 

where M(f/o, f/i, Vq, Vi) is given by (13.121) (or, equivalently, by the r.h.s. of (13. 7p ). 
The proof of (I6.22p follows closely the arguments in the end of Sec. [5] (proof of 
(13. 7p ). In place of Proposition [7] we make use now of 

Proposition 12. Assume that q(t,x,y) E C([0,T] x ^l;L°°(S)) satisfies, (a) 
\q{t,x,y) — q{t',x',y)\ < C{\x — x'\ + |t — t'\) with C > independent of x,x' G fl, 
t,t' G [0,T] and y G S; (b) q(t,x,y) is Y -periodic in y E S; 



/ q{t, X, y)day = for all x E Vl, t E [0, T] . 
JYns 



Then, given a sequence We E -^^^(0, T; W^''^{yL)) such that We — > Wq, D.j.Ws{x, t) 
DxWo{x,t) + DyWi{x,y,t) two scale (in the sense of ( fg. ^) ) as e —> 0, we have 



T r rT 

q{t, X, x/e){we — Ws)dadt 




JSe 



mq{t, X, y){D,Wo ■ y + W,)d(Tydxdt. 
_'n5 

(6.23) 



Proof Set = < ■ ■ ■ < t^ = Tj/n <■■■< d"^=^, = (tf_\,tf ^ then by 
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using (14. 3p and the Lipschitz continuity of q{t, x, y) in t we obtain 

/ / q{t,x,x/e){we — We)<^a(M =y I I q{t, x, x/e){we — W£)dadt 
Jo Js, Ja(."' Js, 

V / / K -w,)dMa + r("), (6.24) 



with 



\rt^<'^l I \we-Ws\dadt<^ f \\w,\\w^.2^n)dt. (6.25) 

•-'0 Ss J 

Setting We = /. (n) w^dt and applying Proposition [71 we get 

3 

lim [ q{&\x,x/e)iWe-We)dtda= [ [ [ qi&\ x,y){DM-y+Wi)daydxdt. 
Js, JA'f'' Jn Jms 

(6.26) 

If we pass to the hmit (along a subsequence) as e — in fl6.24p and send n to oo in 
the resulting relation, then by f l6.25p and (I6.26P we obtain (I6.23p . □ 

Proof of h6. 22^) (continued). By virtue of Lemma |9] and (16. 9p we have 

/ {GeiUe),Ue-Ve)edt= j / g{Ue, X j £){Ue - - Ue + Ve)dadt 

Jo Jo JSe 

+ r [ (?;(n„a;/5)(n,-t;,)(n,-«,)dadt + 0(£2/(^+2)), 

^0 JSe 

then, assuming that uf^ G C^{Q x [0,T]) is such that \\Uo — uf''\\L2(^Qx[o,T]) < 
we get, by using Lemma [T0| Lemma [TT] (convergence of to Uq in L^{Q x [0,T])), 
continuity properties of g{u, y) and g'^iu, y) in u (conditions (12. 3p . (12. 4p . (12. 5p ). (14. 3 p 
and the second bound in (16.91) . 

lini / (^e(Mj,Me - i;£)edt = lim / / {g{uf\x /e){ue - - + Ve) 

+g'^{uf,x/e){uf - Vo){u, - u,))dadt + 0(5), (6.27) 

provided that the limits exist. By using Proposition [12] we identify the limits in the 
r.h.s. of (I6.27P and then obtain (I6.22p by passing to the limit (5 — i- 0. □ 
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Now, thanks to the monotonicity of the operator Ae{u) we can take hminfg^o 
in f l619|) to obtain by virtue of f lOOj) . flOT]) . fl6:22|) that 

rmUoit), Uo{t) - Vo{t)) - {fit), Uoit) - Voit))yit 
Jo 

+ [ [ [ aiD,Vo + DyVi,y)-iD^Uo + DyUi-D,Vo-DyVi)dydxdt 
Jo Jn Jy- 

- [ M{Uo,U,,Vo,V,)dt<0. (6.28) 

This inequahty is shown for any VQ{x,t) G C°°(f2 x [0,T]) and any Vi{x,y,t) G 
C°°{fl X y X [0,T]) (F-periodic in y), by an approximation argument it still holds 
for any Vo G L'^{0,T; W^'\n)), Vi G L\0,T; L\n; W^p^J(r))). Therefore we can set 
^0 = Uo, Vi = Ui± 6(j){x, t)w{y), where w G W^i{Y), G C°°(n x [0, T]) and 5 > 
are arbitrary, divide f l6.28p by 6 and pass to the limit as 5 —t- to get, 

/ / I / a{DJJo + DyUi,y) ■ Dywdy - / g{Uo,y)wday\ip{x,t)dxdt = {}. 
Jo Jn \Jy* JsnY J 

(6.29) 

This means, that \J\ solves fl2.13p with u = Uq and ^ = D^Uq for almost all {x,t) G 
n X [0,T]. Now set Vq = Uq ± 5<^{x,t), Vi = Ui , where $ G C°°(n x [0,T]) and 
5 > are arbitrary, divide fl6.28p by 6 and pass to the limit as 5 — )■ 0. As a result 
we obtain 

\Y*\ [ [ dtUo{x,T)^{x,T)dxdT 



Jn 

T 



+ 



[ [ {a*{D^Uo, Uo) ■ /^..<f - b*{D^Uo, f/o)$ - div,.(/([/o)$))dxdr 
Jo Jn 



= \y*\ [ I /(x,t)<l'(x,r)dxdr, (6.30) 
Jo Jn 

this yields ([L4]). □ 



7 Properties of the homogenized problem 

Define the operators A* ,B\T* : X X* hy B*{u) = b*{Du, u), 

{A*{u),v)= I a*{Du,u) ■ Dvdx, \/v e X, 
Jn 
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{T*{u),v) = / g*{u)-iyvda= / div{g*{u)v)dx, Vf G X. 
Jdn Jn 

Then, in terms of the operator J^*{u) = A*{u) — B*{u) — T*{u), problems (11.31) and 
([LID read 

r{u) + \u = f, (7.1) 

dtu + J^*(u) = f, t>0 

^ ^ (7.2) 

u = u, when t = 0. 

According to Theorem [2] there is a solution (obtained as the limit of solutions of 
(11. ip ) of (17.11) for every / G L'^{Q); similarly, by Theorem problem (17. 2p has a 
solution on the time interval [0,T] when / G L'^{Q x [0,T]) and u G L^(f2). The 
solvability of problems (17. ip and (17. 2p can be proved for more general /, namely, 
we can assume merely / G X* and / G L'^{0, T; X*) in (17. ip and (17. 2p . respectively. 
However we will focus on the uniqueness results. 

l{Properties of a* and b*). First we show 

Lemma 13. The functions a* and b* given by Ii2.10\) . Ii2.11\) are continuous. More- 
over, there are constants 7, a, r > and C such that 

a*{^,u) ■ e > 7ier - C(|n|2 + 1) and \a*{^,u)\ < + \u\ + 1), (7.3) 

(a*(e, u) - a*{C, v))-{^-0>a\^-C\'- r{u - v)\ (7.4) 
|&*(^,m)| < C{\i\ + \u\ + 1) and 

(6*(e, u) - 6*(C, v)){v -u)< ^(a*(e, u) - a*(C, v)) ■ (^ - 0) 

+ C{\u - + \u- wpdel + \u\ + 1)/(1 + \u- v\)). (7.5) 

The proof of this Lemma is based on the study of properties of solutions wiy; C,, u) 
of problem (I2.13p . We will make use of the following well-known results, 

2 



SnY 



W — -; r / Wdx 



da<C \DwYdx, (7.6) 



j^^\DyW + i\^dy>p\i\\ p>0. 



(7.7) 



for all ^ G M^, w G W}^{Y*), where C and p are independent of w and ^. 
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Lemma 14. For any ^ G M^, m G M i/iere zs a unique (modulo an additive constant) 
solution w{y]^,u) of problem Ii2.13\) and we have 

(a) \Dywiy;^,u)\'dy < C^' + \u\' + 1), 

(b) a*(^, u)-^> 7|eP - C{\u\ 1^1 + + 1) ^mt/i 7 > O;, 

(c) there are a, f3 > and r such that, for any ^, C ^ ^1^^ c^'^^ m, f G M 

(a*(e, u) - a*(C, t;)) ■ - C) > "le - Cr - riu - v)' + P j^^ \Dw\^dy, 
where w = w{y; ^, u) - w{y; C, v), 

(d) w{y; C, t") —J- ^, m) strongly in Wp^^iY*) \ M if/ien C 'C; v ^ u. 

Proof. The existence of a unique solution of (12.131) in Wp^l{Y*) \ M easily follows 
from assumptions (i)-(iii) and (vi) on the functions a and g. To show (a) we derive 
from (12.131) by integrating by parts 

/ a{i + Dw,y)-{i + Dw)dy= g{u,y)wda + a{i + Dw,y) ■ ^dy (7.8) 

JY* J SriY JY* 

By applying the Poincare inequality (17. 6p and taking into account (12.61) . (12. 3p we 
obtain that for any A; > 0, 

j^^ a(e + Dw, y) ■ (e + Dw)dy < C{\u\ + 1)\\Dw\\l^(j*^ + C\^\ ^ + Dw\\l^(j*^ 

< C{\u\ + l)(||e + DwWlhy*) + 1^1) + C\i\ lie + Dw\\l2^y*) 

<km + lf + jm'+U + Dw\\l,^y,^l (7.9) 

where C is independent of k, u and ^. If we choose k in (17.91) large enough and use 
(O we get 

/ \^ + Dw\^<ly<C{\u\^ + \i\^ + l), 
Jy* 

that in turn implies (a). 

By using (17.71) on the l.h.s. of (17. 8p and (17. 6p in conjunction with (12. 3p . (12.60 in 
the first term of the r.h.s., we easily derive (b). 



30 



In order to show (c) we use fl2.13p to get by integrating by parts 
{a*{^,u) - a*{C,v)) ■ - C) = / ig{v,y) - giu,y))wda 



snY 



+ [ iai^ + Dywiy;^,u))-aiC + Dywiy;C,v)))-i^-C + Dyw)dy. (7.10) 
Jy* 

Taking into account (12 ■4p . (12 .Op and applying (17. 6p we can estimate the first term 
Ji on the r.h.s. of (17. lOp as 

C f 

< A;|m — t>|^ + — / iDwpdy, for any r > 0, C^-H) 
k Jy* 

where C is independent of k, ^, (, u, v. In view of (12. ip and (17.71) we have the 
following lower bound for the second term I2 in (I7.10p 

/2 > (1 - 6)kp\^ + f le - C + Dyw\^dy 

Jy* 

with < 5 < 1 to be chosen later. On the other hand, by the elementary inequality 
< 2(a + hf + 26^, 

j^^ \Dyw\''dy < 2 ^ - C + Dy^^'dy + 2|e - CI', 



thus 



h > <P - 5{p + l))|e - Cr + y \Dyw\'dy. 



Choose < 5 < 1 so that p — 5(ae + 1) > and set k = AC /{6k) (where C is the 
constant appearing in (17. lip ), we thus obtain (b) with a = K,{p — 6{p + 1)) > 0, 
/3 = {Sk)/4: > 0. 

Finally, statement (d) is a direct consequence of (a) and (c). □ 

Proof of Lemma [131 According to Lemma [14] it suffices only to show (17. 5p . Set 
w = w{y; ^, u) — w{y; (, v), we have by using (17. 6p and assumptions (i), (iii), (iv) on 
9, 



{b*i^,u) -b*{C,v)){v -u) = {v -u) / g'^{v,y)wday 

Jsnv 

+ {v-u) / {g'^{u,y) - g'^{v,y))w{y;^,u)day 
J SnY 

< C\u - v\\\Dw\\l^y*) + C\u - v\'^\\Dw{ ■ ;^,M)||L2(y.)/(l + \u\ + \v\). (7.12) 
Then statements (a) and (c) of Lemma [14] yield ( ]7.5p . □ 
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Remark 15. In the case when the function g{u,y) is hnear in u, bound (17. 5p 
simphfies to the following one, 

u) - b*{C, v)){v -u)< i(a*(e, u) - a*(C, v)) . - Q) + C\u - v\\ 

Let us consider next the particular case when a{C,,y) is hnear in ^, i.e. a is 
given by a{^,y) = A{y)^ with A e L-(F;R^x^), A{y)^ ■ ^ > > 0), 

G M^, y ^ Y. Then we can write the solution of (12.131) as the sum w{y] ^, u) = 
u^^^Kv] +""^(1/; u) with w^^) solving fl2.13p and w being a unique (up to an additive 
constant) solution of 

div {A{y)Dyw) = in F* 
< A{y)DyW ■ V = g{u, y) on S DY (7.13) 
w is y-periodic. 

Note that w^^\y; ^) depends linearly on ^, also we have 

\\w{y;u)\\wh2(^Y*)\R < C{\u\ + 1), \\w{y]u) - w{y;v\\wh2(Y*)\R < C\u-v\, 

-<(2/;^)IUi.2)(y*)\R < C\u-v\/{l + \u\ + \v\), 

where C is independent of u, v. The proof of these bounds is analogous to that of 
(EH - fIXTB]) . Thus we have 

b*{^,u) = ^j^^ A{y)Dyw{y-u) ■ DyW^^\y-i)dy 

+ j^^ A{y)Dyw'Sy- u) ■ Dyw{y; u)dy = H\u) ■ i + h{u) (7.14) 
with h such that \H{u) - H{v)\ < C\u - \h{u) - h{v)\ < C\u - v\. 

2( Uniqueness results for problem fl7.ip ). In the particular cases when the dimension 
of the space < 3 or a{C,,y) is linear in ^ or g{u,y) is linear in u we show that 
problem (17.10 cannot have two distinct solutions for sufficiently large A. 

The following inequality will be used to estimate the expressions involving traces 
on dQ. For every S > there is such that 

[ \w\Ma<6\\Dw\\l2f^^^+As\\w\\L2in),yweW''\n). (7.15) 
Jan 
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This inequality is a consequence of the compactness of the trace operator Tq^ : 
W^''^{VL) L'^{dQ), Tqqu = trace of u on dQ. Thanks to the Lipschitz continuity 
of g{u,y) in the variable u, inequality ( I7.15P implies that 

\{r*iu) - r*iv),u- v)\ <^\\u- vfx + C\\u- v\\l.^^), (7.16) 

where a > is the same as in (17.41) . 
Let u, V be solutions of (17.11) . 

Case I {g{u,y) is linear in u). By using Lemma [T^ Remark [T^ and (I7.16P we get 

{T*iu) - r{v) + \{u -v),u-v)> -\\u -v\\l + {X- Xo)\\u - (7.17) 

with Ao independent of A. It follows that m = w if A > Aq. 
Case II {a{^,y) is linear in We have, according to ( 17.140 . 



{B*{u)-B*{v)),v-u) = \Y*\ / {u - v){diY {H{u) - H{v)) + h{u) - h{v))dx 

Jn 

= \Y*\ I {D{v - u) ■ {H{u) - H{v)) + {u- v){h{u) - h{v)))dx 
Jn 

+ \Y*\ [ {u-v){H{u) - H{v))-vda 
Jan 



< -||«-^llx + '-lF-^llL2(n), 



I an 

< 

4 

where we have used (17.151) . This inequality and Lemma [13] yield (I7.17P (with possibly 
another constant Aq). 

Case III {The space dimension N is two or three). It is well known that for 
these space dimensions X{= W^''^{Q)) is compactly embedded into L^{Q), moreover 
WMUhq) < C6\\wfx + CS~^/^^'^mw\\l2^^) for all w e X and 6 > 0, where C is 
independent of 5 > and w (see, e.g., fT2]). By using this inequality. Lemma [13] 
and (I7.16P we easily show that 

{J'*iu)-J^*{v),u-v) > ^\\u-v\\j^ 

- CiS\\u -v\\l + - v\\l.^^^)i\\u\\x + 1), V5 > 0. (7.18) 

On the other hand Lemma [13] and the very definition of T*{u) imply that for every 
weX {A*{w),w) > 7lkllx-C^(lklli2(f,) + l), \{B*{w),w)\ < C{\\w\\x + \\w\\L^^n) + 
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1) ll'W^I|L2(n) and \{T*{w),w)\ < C\\w\\x\\'w\\L2(^Qy Therefore there is Aq such that 
{F*{u),u) > ^\\u\\x — Xo{u, u) , hence, for A > Aq we have the a-priori bound \\u\\x < 
C(||/IU* + 1) with C independent of u, f and A > Aq. Thus, u and v being solutions 
of dHD, estimate fTTTgD yields 

^\\u -vrx + X\\u - v\\h^^^ < CiWfWx^ + miu -v\\l + r^/(^-^)||u - 

and by setting S = a/(8C((||/||x* + 2)) we get u = f as far as A > Ao(= 
max{Ao,C(||/|U* + 1)6-^/^^-^'^}). (Aq can be chosen independent of / if = 2.) 

2{Uniqueness results for problem fl7.2p ). Given T > 0, we show that problem (17.21) 
cannot have two distinct solutions u, v on the time interval [0,T] if a{^,y) is linear 
in ^ or g{u, y) is linear in u. Indeed, w = u — v satisfies dt{w(t),w(t)) + 2{J'*{u(t)) — 
J^*{v{t)),u{t)-v{t)) = 0, < t < T, and w{0) = 0, while (ITTTl) yields -2{T*{u{t))- 
J^*{v{t)),u{t) - v{t)) < C{w{t),w{t)), <t <T, therefore e-^^\\w{t)\\l2^^^ < so 
that w = 0. 

In the case when space dimension is two we also have the uniqueness result. Note 
that we have at least one solution u G L^(0,T;X) of (17. 2p . Then, if v is another 
solution we set w = M — v, R(t) = {w{t),w{t)), and derive by using (17.181) with 

6 = a/{8C{i\\u\\x + l)), 

R'{t) - CR{t){\\u{t)\\x + 1)^ < 0, < t < T, and R{0) = 0. 

This implies that i?(t)exp{— C /J (|h^(T) ||x + l)^dr} < and therefore R = 0, i.e. 
u = V. 
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